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Îáùàÿ ñõåìà èññëåäîâàíèÿ

Ïîëíîñâÿçíîé ñåòüþ íåëèíåéíûõ îñöèëëÿòîðîâ èëè ïðîñòî
ïîëíîñâÿçíîé ñåòüþ íàçîâåì ñèñòåìó âèäà

ẋj = F (xj , uj), j = 1, 2, . . . ,m. (1)

Çäåñü m ≥ 2, xj = xj(t) ∈ Rn, n ≥ 2,

uj =
m∑
s=1
s 6=j

G (xs), (2)

à âåêòîð-ôóíêöèè F (x , u), G (x) ñî çíà÷åíèÿìè â Rn áåñêîíå÷íî
äèôôåðåíöèðóåìû ïî ñâîèì ïåðåìåííûì (x , u) ∈ Rn × Rn è x ∈ Rn.

Ãëûçèí Ñ.Ä. (ßðÃÓ) Èññëåäîâàíèå ñèñòåì ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé17.05.2023 2 / 42



Îáùàÿ ñõåìà èññëåäîâàíèÿ

Ïðåäïîëîæèì, ÷òî ïàðöèàëüíàÿ ñèñòåìà

ẋ = F (x , 0) (3)

äîïóñêàåò ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûé öèêë.

Ðàññìîòðèì ñèòóàöèþ, êîãäà m îäèíàêîâûõ îñöèëëÿòîðîâ (3)
âçàèìîäåéñòâóþò äðóã ñ äðóãîì ïî ïðèíöèïó �êàæäûé ñî âñåìè�.
Ñ÷èòàåì, ÷òî F (x , u) = F (x) + D(x)u, ãäå D(x) � êâàäðàòíàÿ ìàòðèöà
ðàçìåðà n × n, òîãäà ñèñòåìà (1), (2) ïðèîáðåòàåò âèä

ẋj = F (xj) + D(xj)
m∑
s=1
s 6=j

G (xs), j = 1, 2, . . . ,m. (4)
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Îïðåäåëèì êàíîíè÷åñêóþ áåãóùóþ âîëíó

xj = x(t + (j − 1)∆), j = 1, 2, . . . ,m. (5)

Çäåñü ∆ > 0 � íåêîòîðûé ôàçîâûé ñäâèã, à âåêòîð-ôóíêöèÿ x(t)
ïåðèîäè÷íà ïî t ñ ïåðèîäîì m∆/k ïðè íåêîòîðîì k : 1 ≤ k ≤ m − 1.
Ëþáàÿ êàíîíè÷åñêàÿ áåãóùàÿ âîëíà (5) ïîðîæäàåò ñåìåéñòâî Uk

èíäóöèðîâàííûõ áåãóùèõ âîëí. Äåéñòâèòåëüíî, ôèêñèðóåì ëþáóþ
ïåðåñòàíîâêó (j1, j2, . . . , jm) íàáîðà èíäåêñîâ (1, 2, . . . ,m) è ïîëîæèì

xjs = x(t + (s − 1)∆), s = 1, 2, . . . ,m. (6)

Ñèñòåìà (1), (2) èíâàðèàíòíà îòíîñèòåëüíî çàìåíû ïåðåìåííûõ âèäà

(x1, x2, . . . , xm)→ (xj1 , xj2 , . . . , xjm), (7)

ïîýòîìó (6) òàêæå ÿâëÿåòñÿ ïåðèîäè÷åñêèì ðåøåíèåì íàøåé ñèñòåìû.
Ýòî ðåøåíèå íàçîâåì èíäóöèðîâàííîé áåãóùåé âîëíîé.
Êîëè÷åñòâî öèêëîâ ñåìåéñòâà Uk ðàâíî (m − 1)!.
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Ðàññìîòðèì âñïîìîãàòåëüíîå óðàâíåíèå ñ çàïàçäûâàíèÿìè

ẋ = F (x , u∆), u∆ =
m−1∑
s=1

G (x(t − s∆)), (8)

ãäå x = x(t) ∈ Rn, ∆ = const > 0.
Áóäåì ñ÷èòàòü, ÷òî óðàâíåíèå (8) äîïóñêàåò ïåðèîäè÷åñêîå ðåøåíèå
x = x(t,∆) ïåðèîäà T = T (∆) > 0.
Òåîðåìà 1.1. Ïðåäïîëîæèì, ÷òî íàéäåòñÿ òàêîå íàòóðàëüíîå

k : 1 ≤ k ≤ m − 1, ïðè êîòîðîì óðàâíåíèå

T (∆) = m∆/k (9)

èìååò êîðåíü ∆ = ∆(k) ∈ (∆1,∆2). Òîãäà â èñõîäíîé ñèñòåìå (1), (2)
äàííîìó êîðíþ ñîîòâåòñòâóåò öèêë (êàíîíè÷åñêàÿ áåãóùàÿ âîëíà)

Ck : xj = x(k)(t + (j − 1)∆(k)), j = 1, 2, . . . ,m (10)

ïåðèîäà T(k) = m∆(k)/k , ãäå x(k)(t) = x(t,∆)|∆=∆(k)
.
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Ïðîáëåìà óñòîé÷èâîñòè âñåõ áåãóùèõ âîëí èç Uk ñâîäèòñÿ ê àíàëèçó
ðàñïîëîæåíèÿ ìóëüòèïëèêàòîðîâ ëèíåéíîé ñèñòåìû

ḣj = A(t+(j−1)∆(k))hj+B(t+(j−1)∆(k))
m∑
s=1

C (t+(s−1)∆(k))hs , (11)

Çäåñü hj = hj(t) ∈ Rn, 1 ≤ j ≤ m, à ìàòðèöû A(t), B(t), C (t) çàäàþòñÿ
ðàâåíñòâàìè

A(t) =
∂F

∂x
(x(k)(t), u(k)(t))− ∂F

∂u
(x(k)(t), u(k)(t))G ′x(x(k)(t)),

B(t) =
∂F

∂u
(x(k)(t), u(k)(t)),

C (t) = G ′x(x(k)(t)), u(k)(t) =
m−1∑
s=1

G (x(k)(t − s∆(k))).
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Ðàññìîòðèì òàêæå âñïîìîãàòåëüíîå ëèíåéíîå óðàâíåíèå ñ
çàïàçäûâàíèÿìè

ḣ = A(t)h + B(t)
m−1∑
s=0

κsC (t − s∆(k))h(t − s∆(k)), (12)

ãäå h(t) ∈ Cn, κ � ïðîèçâîëüíûé êîìïëåêñíûé ïàðàìåòð.
Íàñ áóäóò èíòåðåñîâàòü åãî ìóëüòèïëèêàòîðû νl(κ), l = 1, 2, . . . ,
çàíóìåðîâàííûå â ïîðÿäêå óáûâàíèÿ ìîäóëåé.
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Îñòàíîâèìñÿ íà âîïðîñå î ñâÿçè ìåæäó ìóëüòèïëèêàòîðàìè ñèñòåì
(11) è (12).
Òåîðåìà 1.2. Êàæäûé ìóëüòèïëèêàòîð ν ñèñòåìû (11) äîïóñêàåò
ïðåäñòàâëåíèå

ν = κm/k , (13)

ãäå κ � êîðåíü îäíîãî èç óðàâíåíèé

[νl(κ)]k = κm, l ∈ N. (14)

È îáðàòíî, åñëè ïðè íåêîòîðîì l = l0 óðàâíåíèå (14) èìååò êîðåíü
κ = κ0 6= 0, òî ó èñõîäíîé ñèñòåìû (11) ñóùåñòâóåò ìóëüòèïëèêàòîð
ν = νl0(κ0).
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Óñòàíîâëåííûå òåîðåìû äîñòàâëÿþò íåêóþ îáùóþ ìåòîäèêó
èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé òèïà áåãóùèõ âîëí â
ïîëíîñâÿçíûõ ñåòÿõ íåëèíåéíûõ îñöèëëÿòîðîâ. Äåéñòâèòåëüíî, âîïðîñ
î ñóùåñòâîâàíèè êàíîíè÷åñêîé áåãóùåé âîëíû (5) ñâîäèòñÿ ê
îòûñêàíèþ öèêëà x(t,∆) âñïîìîãàòåëüíîãî óðàâíåíèÿ ñ
çàïàçäûâàíèÿìè (8) è ê íàõîæäåíèþ êîðíåé óðàâíåíèé (9). ×òî æå
êàñàåòñÿ âîïðîñà îá óñòîé÷èâîñòè áåãóùèõ âîëí ñåìåéñòâà Uk , òî îí
ðåøàåòñÿ îòäåëüíî è â ñèëó òåîðåìû 1.2 ñîñòîèò â àíàëèçå
ðàñïîëîæåíèÿ êîðíåé óðàâíåíèé (14). Äîáàâèì åùå, ÷òî õîòÿ
êîëè÷åñòâî óðàâíåíèé â ñèñòåìå (14), âîîáùå ãîâîðÿ, ñ÷åòíî, íî
ñîâîêóïíîñòü âñåõ èõ íåíóëåâûõ êîðíåé çàâåäîìî êîíå÷íà (â
ïðîòèâíîì ñëó÷àå êîíå÷íîìåðíàÿ ñèñòåìà (11) èìåëà áû ñ÷åòíîå
÷èñëî ðàçëè÷íûõ ìóëüòèïëèêàòîðîâ, ÷òî íåâîçìîæíî).
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Ñëó÷àé ñëàáî ñâÿçàííûõ îñöèëëÿòîðîâ

Ðàññìîòðèì ñèñòåìó ñëàáî ñâÿçàííûõ îñöèëëÿòîðîâ

ẋj = F (xj , uj), uj = ε

m∑
s=1
s 6=j

G (xs), j = 1, 2, . . . ,m. (15)

Çäåñü ε > 0 � ìàëûé ïàðàìåòð, F (x , u) ∈ C∞(Rn × Rn;Rn),
G (x) ∈ C∞(Rn;Rn), n ≥ 2, à ñîîòâåòñòâóþùàÿ ïàðöèàëüíàÿ ñèñòåìà
(3) äîïóñêàåò ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûé öèêë

x = x0(t), ẋ0(t) 6= 0, x0(t + T0) ≡ x0(t), T0 > 0. (16)
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Âñïîìîãàòåëüíîå óðàâíåíèå èìååò âèä

ẋ = F (x , u∆), u∆ = ε

m−1∑
s=1

G (x(t − s∆)). (17)

Ïðè ε = 0 îíî ïåðåõîäèò â (3), ïîýòîìó ýòî óðàâíåíèå äîïóñêàåò öèêë
x = x(t, ε,∆) ïåðèîäà T (ε,∆), îáëàäàþùèé ñâîéñòâàìè

x(t, 0,∆) ≡ x0(t), T (0,∆) ≡ T0

(ò.å. àñèìïòîòè÷åñêè áëèçêèé ê (16)). ×òî æå êàñàåòñÿ àíàëîãè÷íîãî
(9) óðàâíåíèÿ

T (ε,∆) = m∆/k, (18)

òî â äàííîì ñëó÷àå îíî çàâåäîìî èìååò ðåøåíèå, àñèìïòîòè÷åñêè
áëèçêîå ê k T0/m.
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Òåîðåìà 2.1. Äëÿ ëþáîãî íàòóðàëüíîãî k : 1 ≤ k ≤ m − 1 ñóùåñòâóåò
òàêîå äîñòàòî÷íî ìàëîå εk > 0, ÷òî ïðè 0 ≤ ε ≤ εk ñèñòåìà (15)
äîïóñêàåò êàíîíè÷åñêóþ áåãóùóþ âîëíó

xj = x(k)(τ + (j − 1)k T0/m, ε), τ = (1 + εδ(k)(ε))t, j = 1, 2, . . . ,m,
(19)

ãäå x(k)(τ, ε), δ(k)(ε) � ôóíêöèè

(δ(k)(ε), x(k)(τ, ε)) : x(k)(τ + T0, ε) ≡ x(k)(τ, ε), x(k)(τ, 0) ≡ x0(τ),

M[(x(k)(τ, ε)− x0(τ), g0(τ))] ≡ 0,
(20)
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Â êà÷åñòâå ïðèìåðà âîçüìåì ñèñòåìó, èìåþùóþ â êîìïëåêñíîé ôîðìå
çàïèñè âèä:

żj = zj − (1 + ic1)|zj |2zj − ν(1 + ic2)
m∑
s=1
s 6=j

zs , j = 1, 2, . . . ,m, (21)

ãäå zj = xj + iyj , xj , yj ∈ R, c1, c2 = const ∈ R, ν = const > 0.
Åå êàíîíè÷åñêèå áåãóùèå âîëíû çàäàþòñÿ ÿâíûìè ôîðìóëàìè

Ck : zj = ξ0 exp

{
i

(
σ0t +

2πk

m
(j − 1)

)}
, j = 1, 2, . . . ,m, (22)

ãäå k = 1, 2, . . . ,m − 1,

ξ0 =
√
1 + ν, σ0 = −c1ξ20 + νc2. (23)
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Òåîðåìà 3.1. Ëþáàÿ áåãóùàÿ âîëíà (22), (23) ñ íîìåðîì k 6= m/2
íåóñòîé÷èâà ïðè âûïîëíåíèè íåðàâåíñòâà

Qm(ν) ≡ q1,mν
2 + q2,mν + q3,m < 0, (24)

ãäå

q1,m = (2 + m)2(1 + c1c2)− (2 + m)mc2(c1 − c2)−m(c1 − c2)2,

q2,m = 4(2 + m)(1 + c1c2)− 2mc2(c1 − c2)−m(c1 − c2)2,

q3,m = 4(1 + c1c2).

(25)

Â ñëó÷àå æå k = m/2 ñîîòâåòñòâóþùàÿ áåãóùàÿ âîëíà íåóñòîé÷èâà

ïðè óñëîâèè

νm (1 + c22 ) + 2(1 + c1c2)(1 + ν) < 0. (26)
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Òåîðåìà 3.2. Îäíîðîäíûé öèêë ýêñïîíåíöèàëüíî îðáèòàëüíî

óñòîé÷èâ ïðè óñëîâèÿõ

−1+ν(2m−1) < 0, νm (1+ c22 )−2(1−ν(m−1))(1+ c1c2) > 0 (27)

è íåóñòîé÷èâ ïðè ñòðîãîì íàðóøåíèè õîòÿ áû îäíîãî èç ýòèõ

íåðàâåíñòâ.
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ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÅÆÈÌÛ ÄÂÓÕÊËÀÑÒÅÐÍÎÉ
ÑÈÍÕÐÎÍÈÇÀÖÈÈ

ẋj = F (xj , uj), j = 1, 2, . . . ,m. (28)

uj =
m∑
s=1
s 6=j

G (xs), (29)

×àñòíûé ñëó÷àé:

ẋj = F (xj) + D(xj)
m∑
s=1
s 6=j

G (xs), j = 1, 2, . . . ,m. (30)

Ãëûçèí Ñ.Ä. (ßðÃÓ) Èññëåäîâàíèå ñèñòåì ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé17.05.2023 16 / 42



Ðàçîáüåì ìíîæåñòâî èíäåêñîâ íà äâà ïîäìíîæåñòâà

{1, 2, . . . ,m} = A ∪B. (31)

xj = v(t) ïðè j ∈ A , xj = w(t) ïðè j ∈ B, (32)

ãäå ïåðåìåííûå v , w óäîâëåòâîðÿþò âñïîìîãàòåëüíîé ñèñòåìå

v̇ = F (v , uk,1), ẇ = F (w , uk,2), (33)

â êîòîðîé

uk,1 = (k − 1)G (v) + (m − k)G (w), uk,2 = k G (v) + (m − k − 1)G (w).
(34)
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Ïðåäïîëîæåíèå 1. Ñèñòåìà (33), (34) èìååò íåïîñòîÿííîå
ïåðèîäè÷åñêîå ðåøåíèå

Ck : (v ,w) = (v(k)(t),w(k)(t)) (35)

ïåðèîäà T(k) > 0, óäîâëåòâîðÿþùåå òðåáîâàíèþ íåîäíîðîäíîñòè

v(k)(t) 6≡ w(k)(t). (36)

Â ýòîì ñëó÷àå èìååòñÿ öåëîå ñåìåéñòâî öèêëîâ Uk . Âñå öèêëû èç
ýòîãî ñåìåéñòâà çàäàþòñÿ ðàâåíñòâàìè (31), (32) ïðè

v = v(k)(t), w = w(k)(t), (37)

à èõ êîëè÷åñòâî ðàâíî C k
m.
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A1(t) =
∂F

∂x
(x , u)

∣∣∣∣
x=v(k)(t), u=uk,1(t)

, (38)

A2(t) =
∂F

∂u
(x , u)

∣∣∣∣
x=v(k)(t), u=uk,1(t)

· G ′x(v(k)(t)), (39)

A3(t) =
∂F

∂u
(x , u)

∣∣∣∣
x=v(k)(t), u=uk,1(t)

· G ′x(w(k)(t)), (40)

B1(t) =
∂F

∂x
(x , u)

∣∣∣∣
x=w(k)(t), u=uk,2(t)

, (41)

B2(t) =
∂F

∂u
(x , u)

∣∣∣∣
x=w(k)(t), u=uk,2(t)

· G ′x(v(k)(t)), (42)

B3(t) =
∂F

∂u
(x , u)

∣∣∣∣
x=w(k)(t), u=uk,2(t)

· G ′x(w(k)(t)), (43)
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ãäå

uk,1(t) = (k − 1)G (v(k)(t)) + (m − k)G (w(k)(t)),

uk,2(t) = k G (v(k)(t)) + (m − k − 1)G (w(k)(t)).

Ðàññìîòðèì ëèíåéíûå ñèñòåìû

ċ1 = (A1(t) + (k − 1)A2(t))c1 + (m − k)A3(t)c2,

ċ2 = k B2(t)c1 + (B1(t) + (m − k − 1)B3(t))c2,
(44)

ċ = (A1(t)− A2(t))c , ċ = (B1(t)− B3(t))c , (45)

ãäå c1, c2, c ∈ Rn.
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Óñëîâèå 2. Âñå ìóëüòèïëèêàòîðû ñèñòåì (44), (45) (çà èñêëþ÷åíèåì
ïðîñòîãî åäèíè÷íîãî â ñëó÷àå ñèñòåìû (44)) ïî ìîäóëþ ñòðîãî ìåíüøå
åäèíèöû.

Áàçîâûé ðåçóëüòàò äâóõêëàñòåðíîé ñèíõðîíèçàöèè.

Òåîðåìà. Ïðè óñëîâèÿõ 1,2 ñèñòåìà (28), (29) äîïóñêàåò ñåìåéñòâî
Uk ïåðèîäè÷åñêèõ ðåæèìîâ äâóõêëàñòåðíîé ñèíõðîíèçàöèè,

êîëè÷åñòâî êîòîðûõ ðàâíî C k
m. Âñå ýòè öèêëû ýêñïîíåíöèàëüíî

îðáèòàëüíî óñòîé÷èâû.
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ÑËÓ×ÀÉ ÑËÀÁÎ ÑÂßÇÀÍÍÛÕ ÎÑÖÈËËßÒÎÐÎÂ

ẋj = F (xj , εuj), uj =
m∑
s=1
s 6=j

G (xs), j = 1, 2, . . . ,m. (46)

Çäåñü ε > 0 � ìàëûé ïàðàìåòð, F (x , u) ∈ C∞(Rn × Rn;Rn),
G (x) ∈ C∞(Rn;Rn), n ≥ 2.
Ïàðöèàëüíàÿ ñèñòåìà (3) äîïóñêàåò ýêñïîíåíöèàëüíî îðáèòàëüíî
óñòîé÷èâûé öèêë

x = x0(t), ẋ0(t) 6= 0, x0(t + T0) ≡ x0(t), T0 > 0. (47)

v̇ = F (v , εuk,1), ẇ = F (w , εuk,2), (48)

ãäå

uk,1 = (k − 1)G (v) + (m − k)G (w), uk,2 = k G (v) + (m − k − 1)G (w).

Ãëûçèí Ñ.Ä. (ßðÃÓ) Èññëåäîâàíèå ñèñòåì ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé17.05.2023 22 / 42



Ïðè ε = 0 ñèñòåìà ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû,
êàæäàÿ èç êîòîðûõ äîïóñêàåò óñòîé÷èâûé öèêë (47). À ýòî çíà÷èò, ÷òî
â óêàçàííîì ñëó÷àå ó íåå ñóùåñòâóåò ýêñïîíåíöèàëüíî îðáèòàëüíî
óñòîé÷èâûé èíâàðèàíòíûé äâóìåðíûé òîð

v = x0(τ), w = x0(τ+θ) : 0 ≤ τ ≤ T0 (mod T0), 0 ≤ θ ≤ T0 (mod T0),
(49)

êîîðäèíàòû τ, θ êîòîðîãî óäîâëåòâîðÿþò óðàâíåíèÿì

τ̇ = 1, θ̇ = 0. (50)
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Ïðè ìàëûõ ε > 0 íåêîòîðûå èç ëåæàùèõ íà íåì ïåðèîäè÷åñêèõ
äâèæåíèé �âûæèâàþò�. Áóäåì èñêàòü òàêèå âûæèâøèå ðåæèìû â âèäå:

v = v(k)(τ, ε), w = w(k)(τ, ε), τ̇ = 1 + εδ(k)(ε), (51)

ãäå

v(k)(τ, ε) = x0(τ) + εV(k)(τ, ε), w(k)(τ, ε) = x0(τ + θk,0) + εW(k)(τ, ε),
(52)

θk,0 = const ∈ R, à T0-ïåðèîäè÷åñêèå ïî τ âåêòîð-ôóíêöèè V(k)(τ, ε),
W(k)(τ, ε) è ñêàëÿðíàÿ ôóíêöèÿ δ(k)(ε) äîñòàòî÷íî ãëàäêî çàâèñÿò îò
ñâîèõ ïåðåìåííûõ.
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Êîíêðåòíûé ïðèìåð ñèñòåìû (46). Â êà÷åñòâå ïàðöèàëüíîãî
îñöèëëÿòîðà âîçüìåì äâóìåðíóþ ñèñòåìó, èìåþùóþ â êîìïëåêñíîé
ôîðìå çàïèñè âèä

ż = z − (1− iω0)|z |2z , z = x + iy , x , y ∈ R, ω0 = const > 0. (53)

Ñèñòåìà èìååò ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûé
ãàðìîíè÷åñêèé öèêë

z0(t) = exp(iω0t), (54)

à îòâå÷àþùèå åìó ëèíåéíûå ñèñòåìû ìîãóò áûòü ïðåäñòàâëåíû â âèäå

ḣ = (−1 + 2iω0)h − (1− iω0) exp(2iω0τ)h, h = h1 + ih2, h1, h2 ∈ R,
ġ = (1 + 2iω0)g + (1− iω0) exp(2iω0τ)g , g = g1 + ig2, g1, g2 ∈ R.
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Ðàññìîòðèì ïîëíîñâÿçíóþ ñåòü îñöèëëÿòîðîâ (53) âèäà

żj = zj − (1− iω0)|zj |2zj + ε d z j

m∑
s=1
s 6=j

z2s , j = 1, 2, . . . ,m, (55)

ãäå zj = xj + iyj , xj , yj ∈ R, 0 < ε� 1, d = const ∈ C.
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Äëÿ äâóõêëàñòåðíîé ñèíõðîíèçàöèè èìååì âñïîìîãàòåëüíóþ ñèñòåìó

v̇ = v − (1− iω0)|v |2v + εd v [(k − 1)v2 + (m − k)w2],

ẇ = w − (1− iω0)|w |2w + εd w [k v2 + (m − k − 1)w2],

ãäå v ,w ∈ C.
Ïðè

Re [d(1 + iω0)] > 0. (56)

è ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà ε, óäîâëåòâîðÿþùèõ óñëîâèþ

ε(m − 1)Re d < 1. (57)

Äàííàÿ ñèñòåìà äîïóñêàåò öèêë

v = ξ(ε) exp(iω(ε)t), w = −ξ(ε) exp(iω(ε)t), (58)

ãäå

ξ(ε) =
√
1/(1− ε(m − 1)Re d), ω(ε) = (ω0+ε(m−1)Im d)ξ2(ε). (59)
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Â èñõîäíîé ñèñòåìå (55) öèêë (58), (59) ïîðîæäàåò ñðàçó âñå
ñåìåéñòâà Uk , k = 1, . . . ,m − 1 ïåðèîäè÷åñêèõ ðåæèìîâ
äâóõêëàñòåðíîé ñèíõðîíèçàöèè. Õàðàêòåðíàÿ îñîáåííîñòü êàæäîãî èç
ýòèõ ðåæèìîâ ñîñòîèò â òîì, ÷òî èõ êîìïîíåíòû, ïðèíàäëåæàùèå
ðàçíûì êëàñòåðàì, êîëåáëþòñÿ â ïðîòèâîôàçå.
Ïðè óñëîâèè (56) è ïðè ìàëûõ ε > 0 âñå ïîñòðîåííûå ïåðèîäè÷åñêèå
ðåæèìû ñèñòåìû (55) ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâû. Â
ñëó÷àå æå ïðîèçâîëüíîãî ïîëîæèòåëüíîãî ε, óäîâëåòâîðÿþùåãî
òðåáîâàíèþ (57), óêàçàííûå ðåæèìû óñòîé÷èâû ïðè âûïîëíåíèè
íåðàâåíñòâ

1 + ε(m + 1)Re d > 0, Re [d(1 + iω0)] + ε|d |2 > 0

è íåóñòîé÷èâû ïðè ñòðîãîì íàðóøåíèè õîòÿ áû îäíîãî èç íèõ.
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Ïåðåéäåì òåïåðü ê íåñèììåòðè÷íîé ñåòè

żj = (1 + iεµj)zj − d0|zj |2zj −
ν

m
d1 z j

m∑
s=1
s 6=j

z2s , j = 1, 2, . . . ,m, (60)

ãäå ε ∈ R, |ε| � 1, µj = const ∈ R, j = 1, 2, . . . ,m. Áóäåì ïðåäïîëàãàòü
ñóùåñòâîâàíèå òàêèõ íàòóðàëüíûõ m1,m2 : m1 < m2 < m, ÷òî

µ1 = µ2 = . . . = µm1 , µm2 = µm2+1 = . . . = µm. (61)

Â ñëó÷àå æå m1 + 1 ≤ j ≤ m2 − 1 ñ÷èòàåì çàâèñèìîñòü âåëè÷èí µj îò
èíäåêñà j íåòðèâèàëüíîé. Ýòî îçíà÷àåò, ÷òî

µj1 6= µj2 ∀ j1, j2 ∈ [m1 + 1,m2 − 1], j1 6= j2. (62)
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a) b)

Fig: a) ρj , b) ϕj+1 − ϕj ïðè ε = 0.07
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a) b)

Fig: a) ρj , b) ϕj+1 − ϕj ïðè ε = 0.08 è t = 1000000
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a) b)

Fig: a) ρj , b) ϕj+1 − ϕj ïðè ε = 0.18 è t = 1000000
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Fig: Ãðàôèê ρ5(t) ïðè ε = 0.18
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Ñëó÷àé ïîëíîñâÿçíîé íåéðîííîé ñåòè

Ðàññìàòðèâàåòñÿ ïîëíîñâÿçíàÿ ñåòü èç m, m ≥ 2 íåéðîíîâ,
âçàèìîäåéñòâóþùèõ ïîñðåäñòâîì õèìè÷åñêèõ ñèíàïñîâ

u̇j =

[
λf (uj(t − 1)) + b

( m∑
s=1,s 6=j

g(us(t −∆))

)
ln

u∗
uj

]
uj . (63)

Çäåñü j = 1, 2, . . . ,m, uj = uj(t) > 0 � ìåìáðàííûé ïîòåíöèàë j-îãî
íåéðîíà ñåòè, ïàðàìåòð λ > 0 ïðåäïîëàãàåòñÿ áîëüøèì, b = const > 0,
u∗ = exp(λ c), c = const ∈ R, ∆ > 0 � äîïîëíèòåëüíîå çàïàçäûâàíèå â
õèìè÷åñêèõ ñèíàïñàõ, à ôóíêöèè f (u), g(u) ∈ C 2(R+),
R+ = {u ∈ R : u ≥ 0}, g(u) > 0 ∀ u > 0, îáëàäàþò ñâîéñòâàìè:
f (0) = 1, g(0) = 0,
f (u) + a = g(u)− 1 = uf ′(u) = ug ′(u) = u2f ′′(u) = u2g ′′(u) = O

(
u−1

)
ïðè u → +∞.
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Ïîñëå çàìåíû
uj = exp(λωj), j = 1, 2, . . . ,m. (64)

ïðèõîäèì ê ñèñòåìå

ω̇j = F (ωj(t−1), ε)+b(c−ωj)
m∑
s=1
s 6=j

G (ωs(t−∆), ε), j = 1, 2, . . . ,m, (65)

Ôèêñèðóåì ïðîèçâîëüíî íàòóðàëüíîå k : 1 < k < m è ïðåäïîëîæèì,
÷òî ñîâîêóïíîñòü èíäåêñîâ 1 ≤ j ≤ m ðàçáèòà íà äâà
íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà A è B, ñîñòîÿùèõ èç k è m − k
ýëåìåíòîâ ñîîòâåòñòâåííî, ò.å.

{1, 2, . . . ,m} = A ∪B. (66)
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Ñèñòåìà äîïóñêàåò ðåøåíèÿ ñ êîìïîíåíòàìè

ωj = x ïðè j ∈ A , ωj = y ïðè j ∈ B, (67)

ãäå ïåðåìåííûå x , y óäîâëåòâîðÿþò ñèñòåìå

ẋ =F (x(t − 1), ε) + b(c − x)[(k − 1)G (x(t −∆), ε)+

+ (m − k)G (y(t −∆), ε)],

ẏ =F (y(t − 1), ε) + b(c − y)[k G (x(t −∆), ε)+

+ (m − k − 1)G (y(t −∆), ε)].

(68)

Îòûñêèâàåòñÿ öèêë

(x , y) = (xk(t, ε), yk(t, ε)), xk(0, ε) ≡ 0 (69)
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Ïåðåéäåì îò (68) ê ñîîòâåòñòâóþùåé ðåëåéíîé ñèñòåìå

ẋ =R(x(t − 1)) + b(c − x)[(k − 1)H(x(t −∆))+

+ (m − k)H(y(t −∆)],

ẏ =R(y(t − 1)) + b(c − y)[k H(x(t −∆))+

+ (m − k − 1)H(y(t −∆))],

(70)

à çàòåì � ê óïðîùåííîé ñèñòåìå

ẋ = R(x(t − 1)) + (k − 1)b(c − x)H(x(t −∆)), (71)

ẏ = R(y(t − 1)) + k b(c − y)H(x(t −∆)), (72)

â ïðåäïîëîæåíèè y < 0.
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Ñëó÷àé ïîëíîñâÿçíîé íåéðîííîé ñåòè

Ìîäåëü (63) ñ ìàêñèìàëüíî áîëüøèì ÷èñëîì ñâÿçåé ïîçâîëÿåò
îïèñàòü íàèáîëåå ñëîæíîå è ðàçíîîáðàçíîå ïîâåäåíèå, âîçìîæíîå â
áèîëîãè÷åñêèõ íåéðîííûõ àññîöèàöèÿõ. Îñîáåííîñòüþ ðàññìîòðåííûõ
íàìè ðåæèìîâ k-äîìèíèðîâàíèÿ ÿâëÿåòñÿ òî, ÷òî ÷àñòü íåéðîíîâ ñåòè
íàõîäèòñÿ â íåðàáîòàþùåì (ðåôðàêòåðíîì) ñîñòîÿíèè. Âìåñòå ñ òåì,
èìååòñÿ ïðîñòîé ñïîñîá ïðèìåíåíèÿ ïîñòðîåííûõ ðåæèìîâ äëÿ
êîíñòðóèðîâàíèÿ èñêóññòâåííûõ íåéðîííûõ ñåòåé ñ çàäàííûìè
ñâîéñòâàìè. Ñ ýòîé öåëüþ êàæäîìó ïåðèîäè÷åñêîìó ðåæèìó
k-äîìèíèðîâàíèÿ ìîæåò áûòü ïîñòàâëåí â ñîîòâåòñòâèå áèíàðíûé
âåêòîð (α1, α2, . . . , αm), ãäå αj = 1 åñëè j-é íåéðîí àêòèâåí è αj = 0 â
ïðîòèâíîì ñëó÷àå. Ïðèíèìàÿ âî âíèìàíèå ýòî îáñòîÿòåëüñòâî,
ïðèõîäèì ê âûâîäó, ÷òî äàííûå ðåæèìû ìîãóò áûòü èñïîëüçîâàíû äëÿ
ïîñòðîåíèÿ óñòðîéñòâ ñ àññîöèàòèâíîé ïàìÿòüþ íà èõ îñíîâå.
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Ñïàñèáî çà âíèìàíèå!
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